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Abstract
We show by numerical simulations a procedure for the evaluation of the size (area or volume) of an elastic inclusion in an elastic
body by means of work data measurements collected from the exterior. In this paper we focus especially on the case when the
unknown inclusion is harder than the surrounding material. The computations are performed both in a 2-D and in a 3-D setting.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper we examine a problem arising in nondestructive testing in structural mechanics, for instance, when
inside a mechanical specimen, some defect stems from the manufacturing process, or when the elastic properties of
the material deteriorate due to the occurrence of possible damages.
This problem can be mathematically modelled as follows. Given an elastic body  and an inclusion D ⊂⊂  having
different elastic parameters, the displacement ﬁeld u in  should satisfy the linearized system of elasticity
div((\DC + DC˜)∇u) = 0 in . (1)
Here C and C˜ denote the elasticity tensor ﬁelds in \D and in D, respectively, and E denotes the characteristic
function of E.
When suitable boundary data, such as boundary traction, are prescribed
(C∇u)=  on , (2)
(here  is the unit exterior normal to ) and when D is known, it is well-known that u is the solution of a well-posed
direct problem.
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When D is unknown the inverse boundary value problem consists of determining D from boundary measurements
of the displacement ﬁeld u corresponding to one nontrivial choice of the boundary traction .
This appears to be an extremely difﬁcult problem. The evidence for this can be drawn from a related problem
involving a scalar elliptic equation. This is the problem of electrical impedance tomography. In this case, the direct
problem is governed by the scalar Neumann boundary value problem
div((\D + 2D)∇u) = 0 in , (3)
∇u · =  on , (4)
which models electrical conduction in a body  of uniform conductivity  ≡ 1 and which contains an inclusion whose
conductivity is  ≡ 2, u being here the voltage potential and the prescribed boundary current density. Then, the inverse
problem consists of determining D when, for a given nontrivial , the boundary voltage u| = g is measured. The
uniqueness issue remains a challenging open problem. See, for partial results, Friedman [11], Friedman and Gustafsson
[12], Friedman and Isakov [13], Alessandrini et al. [4], Alessandrini and Isakov [3]; see also [17,1] for more extended
accounts on the results and more complete reference lists. Let us also recall the uniqueness result of Isakov [16] when the
boundary measurement u| is available for all possible current densities , and also that, still in this more favourable
setting, it has been shown by examples that the problem remains severely ill-posed, Di Cristo and Rondi [10]. It is quite
predictable that the general method introduced by Di Cristo and Rondi could be adapted to the elasticity setting. This
would show explicitly that the inverse problem dealt with in this paper is indeed severely ill-posed.
For this reason, it seems necessary, for the purpose of applications, to ﬁnd efﬁcient and stable estimates of a few
geometrical parameters of the unknown defect D. In particular, in the papers [5,6] the problem of ﬁnding constructive
upper and lower estimates of the measure (volume or area) of D has been treated. See also [15] where the size estimates
approach in the elasticity framework was initiated, and [7] which is an updated and revised version of [5].
More precisely, let us describe a typical size estimate which stems from the above mentioned studies. Here the
reference specimen  is assumed to be made of isotropic material. Denoting by u0 the solution to (1), (2) when D is
the empty set, that is, when the inclusion is absent, the following upper and lower bounds hold:
C1
∣∣∣∣W − W0W0
∣∣∣∣|D|C2
∣∣∣∣W − W0W0
∣∣∣∣ . (5)
Here, W = ∫ u ·  and W0 = ∫ u0 ·  are the works exerted by the surface traction ﬁeld  when the inclusion is
present or absent, respectively, see [2, Theorem 2.1]. This result has been derived under some mild a priori assumptions
which will be speciﬁed later on.
In (5) the measure of D is estimated in terms of the so-called normalized work gap |W−W0
W0
|, which is a mechanical
quantity easy to determine in terms of boundary measurements in practical situations. We believe that these estimates
should be useful in practice as a decision tool in quality control tests. Namely, one can ﬁx experimentally a threshold
parameterT > 0 in such a way to say that D is absent or negligible if |W−W0
W0
|T , whereas D is signiﬁcant if |W−W0
W0
|T .
In the paper [2] we have started a numerical investigation for an effective evaluation of the constants C1, C2 in (5).
In fact, it was expected that the evaluations of such constants by the theoretical methods introduced in [5–7] might be
too pessimistic.
In [2] we investigated the case of softer inclusions in a 2-D setting. In this paper we continue this investigation
dealing with harder inclusions and treating both cases of 2- and 3-D bodies.
For the 2-D case, our numerical simulations refer to a square plate subject to in-plane surface loads corresponding
to constant traction, constant shear and linear traction. These load conditions are representative of the most common
experimental setting in nondestructive testing of materials. Numerical simulations conﬁrm that the points (|W−W0
W0
|, |D|)
are located inside an angular sector delimited by two straight lines passing through the origin, as it was expected from
the theoretical volume estimate (5).
Concerning the 3-D problems, we have considered a cubic domain subject to surface loads corresponding to constant
traction applied on two opposite faces of the cube and to constant plane shear. The results of the numerical simulations
are qualitatively similar to those obtained in 2-D setting, even if, for inclusions of general shape, the 3-D analysis has
been restricted to a sample of the whole test population to reduce the computational time to a reasonable value.
In Section 2 we introduce the basic notation and we recall the theoretical results about size estimates. The numerical
simulations are reported in Section 3. More precisely, Sections 3.1 and 3.2 are devoted to the presentation of the test
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problem and to the discrete model, respectively. In Sections 3.3 and 3.4 we present the numerical results in the 2-D
setting, whereas in Section 3.5 we deal with the 3-D case.
2. Size estimates, a brief theoretical tour
Here we review the main results obtained in the papers [5–7]. For the sake of simplicity we deal only with the case
of harder inclusions.
2.1. Notation
Throughout this paper we shall consider a bounded domain in Rn, n2, having Lipschitz boundary with constants
r0, M0, that is, its boundary  can be locally represented as the graph of a Lipschitz continuous function with Lipschitz
constant M0 in some ball of radius r0.
The domain  shall represent the reference specimen which might contain an unknown inclusion D. We shall always
assume that, for a given d0 > 0,
dist(D, )d0. (6)
We shall denote by H s(,Rn), H s(,Rn) the usual fractional Sobolev spaces based on the L2 norm.
Let us denote by Mn the space of n×n real valued matrices and by L(Mn,Mn) the space of linear operators between
Mn and Mn.
We shall assume throughout that the elasticity tensor C ∈ L∞(, L(Mn,Mn)) of the reference elastic body  is
known and has components Cijkl ∈ L∞(,R) which satisfy the following symmetry conditions:
CA = CÂ, (7a)
CA is symmetric, (7b)
CA · B = CB · A, (7c)
for every n × n matrices A, B.
Here and in the sequel the following notation is used:
(CA)ij =
n∑
k,l=1
CijklAkl , (8)
A · B =
n∑
i,j=1
AijBij , (9)
|A| = (A · A)1/2, (10)
Â = 12 (A + AT), (11)
|C| = sup
|A|=1
|CA|, (12)
for every A, B ∈ Mn and C ∈ L(Mn,Mn).
Given C, C˜ satisfying (7) we shall say that
C˜C (13)
if and only if
C˜A · ACA · A (14)
for every symmetric n × n matrix A.
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We shall assume that C is strongly convex in , that is, there exist two positive constants 0, 1 such that
0|A|2C(x)A · A1|A|2 for every x ∈ , (15)
for any symmetric n × n matrix A.
When the elastic material is isotropic (see [14]), then the elasticity tensor C takes the following form:
Cijkl(x) = (x)ijkl + 	(x)(kilj + likj ), (16)
where  = (x) and 	 = 	(x) ∈ L∞(,R) are the Lamé moduli. Hence, in this case, the displacement equation of
equilibrium becomes the Lamé system
div(2	∇̂u) + ∇( div u) = 0 in , (17)
where we shall denote ∇̂u = ∇̂u. In the isotropic case, the strong convexity condition takes the form
	(x)
0, 2	(x) + n(x)0 for every x ∈ , (18)
where 
0, 0 are positive constants. We have that (15) holds with 0 = min{2	, 2	+ n} and 1 = max{2	, 2	+ n}.
We assume that C satisﬁes the C1,1 regularity condition if, for a given M > 0,
‖	‖C1,1() + ‖‖C1,1()M . (19)
We denote by C˜ the elasticity tensor within the possible inclusion D. We shall require that the overall elasticity tensor
C\D + C˜D has a deﬁnite jump discontinuity across the interface D, in such a way that the inclusion D is a priori
known to be harder than the surrounding reference material. More precisely, we shall assume that there exist > 0,
> 1 such that
CC˜ − C, C˜C in . (20)
We shall denote by ∈ H−1/2(,Rn), /≡ 0, the prescribed traction ﬁeld at the boundary of, satisfying the natural
compatibility condition∫

 · r = 0 for every r ∈ R, (21)
where R denotes the linear space of the inﬁnitesimal rigid displacements r(x) = c + Wx, where c is any constant
n-vector and W is any constant skew n × n matrix.
If an inclusion D in  is present, then the displacement ﬁeld u corresponding to the assigned traction ﬁeld  is given
as the weak solution of the Neumann problem{div((\DC + DC˜)∇u) = 0 in ,
(C∇u)=  on . (22)
The solution u ∈ H 1(,Rn) exists and is unique up to an inﬁnitesimal rigid displacement.
It is useful to introduce the reference displacement ﬁeld u0 corresponding to the same assigned traction ﬁeld  when
D is absent, which is given as the weak solution of the Neumann problem{div(C∇u0) = 0 in ,
(C∇u0)=  on .
(23)
Also in this case the solution u0 ∈ H 1(,Rn) exists and is unique up to an inﬁnitesimal rigid displacement.
We shall denote by W and W0 the works exerted by the surface forces  on  when an inclusion D is present or
absent, respectively. Namely,
W =
∫

u · =
∫

(\DC + DC˜)∇u · ∇u, (24)
292 G. Alessandrini et al. / Journal of Computational and Applied Mathematics 198 (2007) 288–306
W0 =
∫

u0 · =
∫

C∇u0 · ∇u0. (25)
Since, as is well-known, the solution u to (22) is the minimizer of the functional
J (v) = 1
2
∫

(\DC + DC˜)∇v · ∇v −
∫

v · , v ∈ H 1(,Rn), (26)
it is an elementary matter to verify that WW0.
2.2. Main theoretical results
Theorem 2.1. Let  be a bounded domain in Rn such that  is of Lipschitz class with constants r0, M0. Let D be
any measurable subset of  satisfying (6). Let C satisfy the isotropy condition (16), the strong convexity condition (18)
and the C1,1 regularity assumption (19). Let the jump condition (20) be satisﬁed. We have
1
− 1C1
W0 − W
W0
 |D|
(


)1/p
C2
(
W0 − W
W0
)1/p
, (27)
where C1 only depends on the geometrical parameters ||, r0, M0, d0 and on the bounds on the Lamé moduli 
0, 0,
M, whereas p> 1, C2 only depend on ||, r0, M0, d0, 
0, 0, M, and on the ratio of norms F [] =
‖‖
H−1/2(,Rn)
‖‖
H−1(,Rn)
.
Proof. See [6, Theorem 2.8]. 
The above result is quite general but has the possible disadvantage that, depending on the prescribed traction , the
upper and lower bounds have different homogeneities. A possible way to circumvent this problem, which might be of
practical use in applications, is to a priori assume that the unknown inclusion, if at all existing, is not too small. In this
case the following stronger result applies.
Theorem 2.2. Let  be a bounded domain in Rn, such that  is of Lipschitz class with constants r0,M0. Let D be a
measurable subset of  satisfying (6) and
|D|m0, (28)
for a given positive constant m0. Let C satisfy the isotropy condition (16), the strong convexity condition (18) and the
C1,1 regularity assumption (19). Let the jump condition (20) be satisﬁed. We have
1
− 1C1
W0 − W
W0
 |D| 

C2
W0 − W
W0
, (29)
where C1 only depends on d0, ||, r0, M0, 
0, 0, M and C2 only depends on the same quantities and, in addition, on
m0 and on the ratio of norms F [] = ‖‖H−1/2(,Rn)‖‖
H−1(,Rn)
.
Proof. See the proof of Theorem 2.1 in [2, Appendix]. 
A ﬁrst, basic step, toward the proofs of Theorems 2.1 and 2.2 consists in establishing that
∫
D
|∇̂u0|2 is comparable
with W0 − W , as stated by the following lemma (see [5, Lemma 5.2] for a proof).
Lemma 2.1. Under the above assumptions, we have
0

∫
D
|∇̂u0|2W0 − W(− 1)1
∫
D
|∇̂u0|2. (30)
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As a second step, one has to control
∫
D
|∇̂u0|2 in terms of the measure of D. On one hand, by standard interior
regularity estimates for elliptic systems, it is rather easy to obtain
sup
d0
|∇̂u0|2Const.W0,
where d0 = {x ∈  | dist(x, )> d0}, so that the lower bound for D follows.
On the other hand, a pointwise lower bound for |∇̂u0| in D cannot be established in general, since |∇̂u0| may have
zeroes, making quite troublesome the evaluation from below of
∫
D
|∇̂u0|2. The main idea to circumvent this difﬁculty
is to employ suitable quantitative versions of the unique continuation principle, which allow to control the vanishing
rate of |∇̂u0|2 in the interior of . Thus, at least at present, the hypothesis (6) seems necessary for Theorems 2.1, 2.2.
Let us emphasize that in the special case when the Lamé parameters are constant and the boundary traction 
is suitably chosen in such a way that ∇̂u0 is constant, condition (6) is not needed and an explicit evaluation of the
constants C1, C2 can be easily derived from Lemma 2.1. This will enable a comparison between the numerically
evaluated constants and those derived theoretically.
3. Numerical simulations
In the following some numerical tests relative to 2-D and 3-D problems are reported. The 2-D tests regard a plate
subjected to in-plane surface tractions while 3-D tests consider a cube under constant and linear traction and under
constant shear, see Section 3.1.
A discrete model based on the high continuity ﬁnite element formulation, see Section 3.2, has been used to perform
all the numerical analysis both in 2-D and in 3-D problems.
Several numerical tests have been carried out with the aim to estimate lower and upper bounds of the work gap and
to highlight the dependence of the normalized work gap on some parameters such as the position and the shape of the
inclusion and the inﬂuence of the surface traction distribution.
Both in 2-D and in 3-D numerical tests, the size of the inclusion has been kept lower than the 6% of the total size
of the elastic body. This bound represents well the case of relatively small inclusions which are the more interesting in
practical applications of nondestructive testing.
3.1. Test problems
Numerical simulations have been performed by solving the Neumann problems (22) and (23), describing the cases
when an inclusion D is present or absent, respectively, for the 2-D and 3-D linearized elasticity, see [19].
In the 2-D case  is the square of side l = 0.25 m representing the middle surface of a thin plate under surface
in-plane tractions, which are uniformly distributed in the thickness of the plate. In the 3-D case  is a cube of side
l = 0.25 m.
In each test the reference elastic material is assumed to be homogeneous and isotropic with Lamé moduli given by
= 118846 MPa and 	= 79231 MPa, typical of a mild steel, see [18, Chapter III, Article 71]. Accordingly, the elastic
tensor C in 2-D is given by
Cijkl = ∗ijkl + 	(kilj + likj ), i, j, k, l = 1, 2, (31)
while for the 3-D problem is
Cijkl = ijkl + 	(kilj + likj ), i, j, k, l = 1, 2, 3, (32)
where ∗ = 2	+2	 and , 	 are the Lamé moduli.
All numerical simulations will be performed for connected inclusions D ⊂  having elastic tensor
C˜ = fC, (33)
where f, the stiffness ratio, is a positive constant. With the exception of the simulations described in Fig. 9, we shall
consider the case of harder inclusions with elastic tensor C˜ given by (33), with f = 10.
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(a) (b) (c)
pp p pp
p
x2
x1
l
l
Fig. 1. Section x3 = const. of the plate and of the cube considered in the numerical simulations and applied load conditions: (a) constant traction,
(b) constant shear, (c) linear traction.
Therefore, in the 2-D case (15) and (20) are satisﬁed with
0 = 2	, 1 = 2	+ 2∗, = f = 10, = f − 1 = 9, (34)
and inequality (30) becomes
9
5
	
∫
D
|∇̂u0|2W0 − W18(	+ ∗)
∫
D
|∇̂u0|2. (35)
For 3-D problems conditions (34) and (35) become, respectively,
0 = 2	, 1 = 2	+ 3, = f = 10, = f − 1 = 9, (36)
and
9
5
	
∫
D
|∇̂u0|2W0 − W9(2	+ 3)
∫
D
|∇̂u0|2. (37)
Three main surface traction ﬁelds (or load distributions) have been considered: constant traction, constant shear and
linear traction. Fig. 1 reports a section of the plate and of the cube with the load distribution.
These kinds of loads are rather special, but they are commonly employed in non-destructive testing for the charac-
terization of mechanical specimens and materials.
For these cases, we can compute the exact solution u0 of (23), see [19], obtaining:
(a) Constant traction
2-D
⎧⎪⎪⎨
⎪⎪⎩
∇̂u0 = p4	(	+ ∗)
[2	+ ∗ 0
0 −∗
]
,
0.053 W0 − W
W0
 |D||| 1.341
W0 − W
W0
;
(38)
3-D
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∇̂u0 = p2	(2	+ 3)
⎡
⎢⎣
2	+ 2 0 0
0 − 0
0 0 −
⎤
⎥⎦ ,
0.030
W0 − W
W0
 |D||| 0.998
W0 − W
W0
.
(39)
(b) Constant shear
2-D
⎧⎪⎪⎨
⎪⎪⎩
∇̂u0 = p2	
[0 1
1 0
]
,
0.044
W0 − W
W0
 |D||| 1.111
W0 − W
W0
;
(40)
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3-D
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∇̂u0 = p2	
⎡
⎢⎣
0 1 0
1 0 0
0 0 0
⎤
⎥⎦ ,
0.034
W0 − W
W0
 |D||| 1.111
W0 − W
W0
.
(41)
(c) Linear traction
2-D
{
∇̂u0 = −p(1 − 2x2/l)4	(	+ ∗)
[2	+ ∗ 0
0 −∗
]
; (42)
3-D
⎧⎪⎨
⎪⎩∇̂u0 =
−p(1 − 2x2/l)
2	(2	+ 3)
⎡
⎢⎣
2	+ 2 0 0
0 − 0
0 0 −
⎤
⎥⎦ . (43)
Here p is the maximum value of the modulus of the surface traction . In the case of linear traction, the strain tensor
∇̂u0 vanishes along the middle line x2 = l2 in 2-D and on the middle plane x2 = l2 in 3-D. Therefore, one expects very
small values of the work gap for inclusions which are located in a neighbourhood of the set {x2 = l2 }.
3.2. Numerical models
In order to derive the numerical model used to asses the effectiveness of the size estimates approach, let us consider
the energy functional J : H 1(,Rn) → R given by
J (v) = 1
2
∫

(\DC + DC˜)∇v · ∇v −
∫

v · , v ∈ H 1(,Rn), (44)
where the ﬁrst integral represents the elastic energy and the second the external force work. The energy functional (44)
has been discretized by using the high continuity (HC) technique presented, for the 2-D setting, in [8]. Accordingly,
the generic test ﬁeld can be written as
v =
3∑
i,j=1
i (1)j (2)vij , (45)
for 2-D problems, while for the 3-D case it assumes the form
v =
3∑
i,j,k=1
i (1)j (2)k(3)vijk , (46)
where the coordinates r , r = 1, 2, 3, span the unitary element domain [− 12 , 12 ]n, n= 2, 3, and vij = (v1ij , v2ij ) in 2-D
and vijk = (v1ijk , v2ijk , v3ijk ) in 3-D are the HC parameters involved in the ﬁeld interpolation on the generic element.
The shape functions i (r ) are deﬁned by the following expressions:
1(r ) = 18 − 12r + 122r ,
2(r ) = 34 − 2r ,
3(r ) = 18 + 12r + 122r . (47)
The 1-D case shown in Fig. 2 explains the meaning of the HC parameters, which deﬁne the tangents to the interpolated
function at the end points of the element well. The same ﬁgure also shows the position of the HC nodes and the plotting
of the shape functions (47).
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one-dimensional domain
HC parameter
HC nodeh1
1=-1/2 1=1/2
1(1)
2(1)
3(1)
Fig. 2. HC interpolation in the 1-D case.
h1 h1
h2 h2
2 2
1 1
Fig. 3. HC mesh in the 2-D case.
1
2
3
Fig. 4. Central HC ﬁnite element with related parameters in the 3-D case.
The main feature of such an interpolation technique, which can be considered as a particular case of the Bézier
interpolation, consists of its capability in reproducing displacement ﬁelds of C1 smoothness with a computational cost
equivalent to a C0 interpolation, that is, practically, with a single variable for each element. It shows good performances
mainly for regular meshes. For further details the interested reader can refer to the already cited papers [8] and [9].
Figs. 3 and 4 show, for the 2-D and 3-D cases, respectively, a typical mesh on a rectangular body and the nodes
involved for the description of the generic element ﬁeld. A further comment is required for the elements positioned
on the boundary. In fact, in order to easily impose the kinematical boundary conditions, the external HC nodes are
translated onto the boundary  and the relative HC parameters assume the meaning of function values (see Fig. 3).
According to this, the shape functions relative to a left boundary (r =− 12 ) and a right boundary (r = 12 ) of the generic
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ﬁnite element are
left :
⎧⎪⎪⎨
⎪⎪⎩
1(r ) = 14 − r + 2r ,
2(r ) = 58 + 12r − 322r ,
3(r ) = 18 + 12r + 122r ;
right:
⎧⎪⎪⎨
⎪⎪⎩
1(r ) = 18 − 12r + 122r ,
2(r ) = 58 − 12r − 322r ,
3(r ) = 14 + r + 2r .
(48)
The introduction of (45), (46) in (44) gives the expression of the energy functional of the generic ﬁnite element E. For
the 3-D case, from which the 2-D one can be easily derived simply considering the ﬁrst two displacement components,
we have
1
2
∫
E
(\DC + DC˜)∇v · ∇v
= 1
2
3∑
i,j,k=1
3∑
p,q,r=1
[v1ijk v2ijk v3ijk ]
⎡
⎢⎢⎣
K11ijkpqr K
12
ijkpqr K
13
ijkpqr
K21ijkpqr K
22
ijkpqr K
23
ijkpqr
K31ijkpqr K
32
ijkpqr K
33
ijkpqr
⎤
⎥⎥⎦
︸ ︷︷ ︸
K
⎡
⎢⎣
v1pqr
v2pqr
v3pqr
⎤
⎥⎦ , (49)
∫
E
v · =
3∑
i,j,k=1
[v1ijk v2ijk v3ijk ]
⎡
⎢⎣
t1ijk
t2ijk
t3ijk
⎤
⎥⎦
︸ ︷︷ ︸
t
, (50)
where the terms of the elastic matrix K and the nodal force vector t of the generic element are reported in [8] for the 2-D
case and in [9] for the 3-D case. By using a standard assembling procedure, the discretized version of the minimization
problem related to (44) follows easily from (49) and (50).
In 2-D numerical tests, the domain  has been discretized with a mesh of 21 × 21 HC elements, except for the tests
performed varying the shape of the inclusion, where, in order to avoid an excessive increase of the computing time, a
13 × 13 mesh has been adopted. The 3-D tests, which are considerably more onerous from a computational point of
view, are based on a 11 × 11 × 11 mesh of HC elements for tests concerning cubic inclusions and on a 7 × 7 × 7 mesh
of HC elements for tests concerning inclusions of general shape.
Moreover, preliminary numerical simulations show that the computation of the work gap W0−W
W0
, involving the works
of the surface tractions on the trace displacement taken at the boundary, is rather insensitive to reﬁnements of mesh
sizes in the interior.
Given the FE mesh, the inclusions consist of union of elements having, at least, one common side. Let us notice that
hypothesis (28) is satisﬁed in such class of inclusions with m0 = ( lN )n, n being the dimension, where N is the number
of elements for every row and column of the FE mesh (N = 13 and N = 21 for n = 2; N = 7 and N = 11 for n = 3).
In order to obtain a rough estimate of the computational costs of the analysis, it is worth noting that the numerical
effort is essentially related to the decomposition of the matrix of the linear system and its solution with respect to an
assigned load vector. If m is the number of the equations and b is the band of the matrix of the problem, the decomposition
requires m(b−1) multiplications plus mb(b−1) additions, while the solution involves mb multiplications. In particular,
in a 7 × 7 × 7 mesh we have m = 2187 and b = 549, and for a PENTIUM 1.5 GHz the CPU times is about 4 s for the
decomposition and 0.12 s for the solution.
Since, as it will be discussed in more detail below, many thousand millions of analyses are needed for general shape
inclusions in 3-D, the tests relative to this case are performed only on a sample.
3.3. Square inclusions in 2-D problems
A ﬁrst series of numerical tests has been performed by varying the position and the size of a square inclusion D. For
all these simulations we use a mesh of 21 × 21 HC elements and we set the stiffness ratio f = 10. The upper bound
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Fig. 5. Contour map and 3-D view of the normalized work gap for different load distribution ( |D||| = 4441 ; 21 × 21 FE mesh).
ﬁxed for the size of D (corresponding to 6% of the total size) restricts our analysis to squares from 1 × 1 to 5 × 5 ﬁnite
elements.
Although the theoretical estimates apply only to inclusions D compactly contained in , see (6), the numerical
simulations allow also to consider inclusions reaching the boundary of the plate. More precisely, the 3-D diagrams
appearing in Fig. 5 have been obtained by interpolating with a smooth function the values of the work gap relative to
2 × 2 inclusions, assigned on the grid formed by the centroids of the inclusions. For the cases of constant traction and
constant shear, the level lines of the work gap, shown on the left column of the same ﬁgure, indicate that when the
inclusion stays away enough from the boundary, the power gap remains almost constant.
On the contrary, the linear traction case reveals an important difference with the previous loading cases. The presence
of nearly zero values of the work gap is explained by the presence of a horizontal line in the middle of the plate where
the strain ﬁeld is zero, see (42), making very difﬁcult the detection of inclusions located near this line. For a more
exhaustive discussion about this aspect, we refer to [2, Section 3.3].
Analogous tests with similar results (not reported here) have also been performed for the cases of 1 × 1 and 3 × 3
square inclusions.
3.4. General shape inclusions in 2-D problems
In this subsection we present our numerical tests about inclusions of more general shape. For these tests we use
a 13 × 13 FE mesh and we restrict our analysis to inclusions satisfying (6), with d0 = 2l13 , that is, inclusions having
a distance from the boundary of at least two ﬁnite elements. From now on, for simplicity, we will indicate d0 = 2.
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Fig. 6. Numerical and theoretical size estimates for inclusions of general shape generated from a generic element inside d0 (13 × 13 FE mesh;
d0 =2; constant traction test), with examples of inclusions corresponding to minimum (left) and maximum (right) work gap for different size values.
The limitation on the size of D (corresponding to 6% of the area of ) restricts our analysis to inclusions formed by
nine elements at most. In our simulations we consider all possible inclusions obtained by combining ﬁnite elements
with at least one common side and satisfying the limitations above.
The obtained results are illustrated in Figs. 6–8 which refer to the three load conditions considered. For any admissible
value of |D||| , the minimum and maximum values of the work gap
W0−W
W0
are reported on a cartesian diagram (W0−W
W0
,
|D|
|| ).
As expected from the theory, the points (W0−W
W0
,
|D|
|| ) are conﬁned inside an angular sector delimited by two straight lines
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Fig. 7. Numerical and theoretical size estimates for inclusions of general shape generated from a generic element inside d0 (13 × 13 FE mesh;
d0 = 2; constant shear test), with examples of inclusions corresponding to minimum (left) and maximum (right) work gap for different size values.
passing through the origin. The slopes of these two lines represent the numerical estimates of the constants appearing
in the size estimates for this kind of inclusions.
In Figs. 6, 7 we have also drawn the wider sector evaluated via the exact theoretical computations given in (38), (40).
We can note that the theoretical bounds conﬁrm their pessimistic feature, see Table 1.
Moreover, Figs. 6 and 7 show the shapes of inclusions which correspond to the minimum and maximum values of the
work gap, for a given volume.Although the symmetry of the problem produces several symmetric shapes corresponding
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Fig. 8. Numerical size estimates for inclusions of general shape generated from a generic element inside d0 (13 × 13 FE mesh; d0 = 2; linear
traction test).
Table 1
Theoretical and numerical values of the constants appearing in the size estimates expressed as in bounds (38), (40)
Test Lower bound Upper bound
Theoretical Numerical Theoretical Numerical
Constant traction 0.053 0.3215 1.341 0.7371
Constant shear 0.044 0.4893 1.111 0.7050
to the same extreme value of the work gap, the shapes reported in the above ﬁgures seem to give some interesting
indication. In the constant traction case, for example, the maximum value of the work gap is attained when the inclusion
is a rectangle with a side equal to the mesh size and with the longer side parallel to the direction of the traction ﬁeld
applied on the boundary of the plate, see Fig. 6. From the mechanical point of view this result suggests that harder
inclusions become more effective in increasing the stiffness of the plate when they have a form of a single ﬁbre parallel
to the direction of the (positive) inﬁnitesimal principal strain of the reference displacement ﬁeld u0.
Conversely, numerical simulations show that the minimum value of the work gap approximately corresponds to
rectangular inclusions which have the longer side orthogonal to the direction of the applied tractions or, equivalently,
parallel to the direction of the zero principal strain of u0.
Similar considerations seem to hold also in the constant shear test. In this case the maximum value of the work gap
corresponds to inclusions whose shape is close to a single ﬁbre approximately parallel to the direction of the (positive)
principal strain of u0, see Fig. 7. The interpretation of the case corresponding to minimum values of the work gap is,
however, less clear.
Finally, Fig. 9 shows how the lower and upper bounds of the work gap obtained in our numerical estimates vary
in dependence on the elastic parameters of the inclusion. In particular, for the constant traction case, it is pointed
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Fig. 9. Work gap variation for inclusions of different stiffness ratio f = 2, 5, 10, 20 in the constant traction test (13 × 13 FE mesh; d0 = 2).
out how the region containing the experimental points (W0−W
W0
,
|D|
|| ) varies with the stiffness of the inclusion (cases
f = 2, 5, 10, 20).
3.5. 3-D tests
Again, as a ﬁrst step, we have considered cubic inclusions having volume not exceeding 6% of the total volume,
in a 11 × 11 × 11 mesh. The comparison between the extreme values of the power gap computed numerically and
analytically is illustrated in Figs. 10, 11, referring to the constant traction and constant shear loads, respectively.
When trying to deal with inclusions of general shape, however, the numerical experiments require some restrictions
in order to limit the computer time. Indeed, recalling the considerations of Section 3.2, for each given inclusion in a
7×7×7 mesh a system of 2187 equations has to be solved, requiring a computer time of approximatively 4.12 s. When
we consider, for instance, inclusions formed by 17 elements, we must solve approximately thousands of millions of
systems of equations corresponding to several days of computation (see Section 3.2). Therefore, we decided to restrict
our analysis to inclusions satisfying the following additional hypotheses:
(i) the inclusion is generated by combining elements having at least one common face and starting from a generic
element inside an octant of the cube (this is not really restrictive due to the symmetries of the problem);
(ii) d0 = 1.
Even in this smaller class of inclusions, the analysis of all the inclusions generated starting from the central element of
the cube leads approximately to 2.7×109 possible cases to be considered. For this reason, in the 3-D setting, numerical
tests illustrating how the work gap varies with the size of D can be carried out only on samples of the whole test
population.
More precisely, in Figs. 12, 13 we have reported the extreme values of the power gap computed numerically and
analytically for the constant traction and the constant shear loads, respectively. These results have been computed by
considering all possible inclusions satisfying the limitations (i) and (ii) for inclusions formed by 1, . . . , 8 elements,
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Fig. 10. Numerical and theoretical volume estimates for inclusions of cubic shape generated from a generic element inside d0 (11 × 11 × 11 FE
mesh; d0 = 2; constant traction test).
6
2
0
|D|
 / |Ω
| (%
)
0.00 0.04 0.08 0.12 0.16 0.20
(Wo-W) /Wo
Upper and lower bounds
numerical
4
theoritical
Fig. 11. Numerical and theoretical volume estimates for inclusions of cubic shape generated from a generic element inside d0 (11 × 11 × 11 FE
mesh; d0 = 2; constant shear test).
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Fig. 12. Numerical and theoretical volume estimates for inclusions of general shape inside d0 and generated from a generic element belonging to
an eight of the cube (7 × 7 × 7 FE mesh; d0 = 1; constant traction test).
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Fig. 13. Numerical and theoretical volume estimates for inclusions of general shape inside d0 and generated from a generic element belonging to
an eight of the cube (7 × 7 × 7 FE mesh; d0 = 1; constant shear test).
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Table 2
Theoretical and numerical values of the constants appearing in the size estimates expressed as in bounds (38), (40)
Test Lower bound Upper bound
Theoretical Numerical Theoretical Numerical
Constant traction 0.030 0.2578 0.998 0.5380
Constant shear 0.034 0.2794 1.111 0.5441
whereas for inclusions formed by 9, . . . , 17 elements we have considered a random sample. The sample dimension
approximately spans between 55 000 (for inclusion formed by 9 elements) and 75 000 (for inclusion formed by 17
elements). For the case of nine elements, for instance, this choice corresponds to 4% of the whole population.
As in the corresponding 2-D cases, the theoretical bounds are rather pessimistic, see also Table 2.
4. Concluding remarks
In a series of recent papers [5–7] a nondestructive technique for detecting the possible presence of an unknown
inclusion inside an elastic body from boundary measurements has been proposed. The authors showed how to obtain
constructive upper and lower bounds of the Lebesgue measure (area or volume) of the inclusion in terms of the
difference between the works exerted by the surface forces when the inclusion is present or absent (see Theorems 2.1,
2.2). However, such analytical procedure may lead to a pessimistic evaluation of the constants C1, C2 appearing in the
size estimates (27), (29), making its application difﬁcult for practical situations.
In this paper we have continued the numerical investigation started in [2], with the aim of obtaining more realistic
evaluations of such constants. More precisely, we have extended our experiments to the case of inclusions which are
harder than the surrounding material, performing them both in the 2-D and 3-D settings.
We summarize here some conclusions which can be drawn from these new experiments. We also add some remarks
on possible directions of future research which are suggested by the numerical simulations carried over in the present
paper.
(i) The new experiments presented here conﬁrm that, when “well behaved” boundary data are available, the simula-
tions lead to results that are markedly better than the theoretical bounds (when these are available). This further conﬁrms
the recommendation already stated in the preceding papers [2,5–7] that it is convenient to choose as prescribed traction
ﬁeld  one which makes the frequency function F [] as small as possible (see Theorems 2.1, 2.2 for the deﬁnition of
F []).
(ii) As a novelty of the numerical experiments in this paper, with the simulations in the 2-D case, we have determined
conﬁgurations of the unknown inclusion which maximize, and minimize the work gap while ﬁxing its area. We
have presented some considerations of mechanical character which allow us to interpret such results. Such numerical
examples open up the perspective to a deeper theoretical investigation on the extremal conﬁgurations of inclusions
when their measure is ﬁxed.
(iii) Another theoretical aspect worth of investigation that emerges from the discrepancy between the available
theoretical bounds and simulations stands on the possibility of replacing the energy type bounds of Lemma 2.1 with
more reﬁned estimates.
(iv) A further line of investigation which is still open, and which is currently pursued by the authors, consists in
searching for a direct numerical evaluation of the constants in the bounds (27), (29). The aim would be to avoid the
repeated simulation with so many samples of the unknown inclusion, with the purpose of circumventing the huge
computational cost of such simulations (especially in the 3-D case) as is has been noted in Section 3.5.
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